The product-group unification is a model of unified theories, in which masslessness of the two Higgs doublets and absence of dimension-five proton decay are guaranteed by a symmetry. It is based on SU(5) × U(N ) (N = 2, 3) gauge group. It is known that various features of the model are explained naturally, when it is embedded in a brane world. This article describes an idea of how to accommodate all the particles of the model in Type IIB brane world. The GUT-breaking sector is realized by a D3-D7 system, and chiral quarks and leptons arise from intersection of D7-branes. The D-brane configuration can be a geometric realization of the non-parallel family structure of quarks and leptons, an idea proposed to explain the large mixing angles observed in the neutrino oscillation. The tri-linear interaction of the next-to-minimal supersymmetric standard model is obtained naturally in some cases.
Introduction
Supersymmetric grand unified theories (SUSY GUTs) have been considered as the most attractive framework beyond the standard model, ever since the gauge-coupling unification was observed [1] . However, the GUT scale (∼ 10
16 GeV) is much higher than the energy frontier, and only a little has been known about how the theory should be. The two following clues are the most important among all. First, the two Higgs doublets of the minimal SUSY standard model (MSSM) should be almost massless, although their mass term is not forbidden by the gauge group of the standard model. Second, dimension-five operators contributing to proton decay [2] should be sufficiently suppressed [3, 4] , although they are not forbidden either. These two clues are not independent. Suppose that either of those operators is forbidden by a symmetry, and then the other is also forbidden;
provided the Yukawa coupling of quarks and leptons (ψ) with the Higgs particles (H)
is allowed by the symmetry. Thus, the two clues can be considered as manifestation of an unbroken symmetry.
In the presence of such a symmetry, only three types of mass matrices are possible for the Higgs particles. One is the missing VEV (vacuum expectation value) type [5] . Models with the unbroken symmetry were obtained in [6, 7, 8, 9] . Another is the missing partner type [10] . Models were obtained in [11, 12, 13] . The last type involves infinite number of Higgs particles, which can be obtained as a Kaluza-Klein tower [14, 15, 16] .
We investigate the model [11, 12, 13] of the missing partner type. It was pointed out in [17] that various features of the model are naturally explained when it is embedded in a brane world. Thus, Ref. [18, 19] tried to embed the D = 4 model into toroidal orientifolds of the Type IIB theory, although the variety of toroidal orientifolds was not enough to accommodate all the matter contents of the model, i.e., the particles in the GUT-symmetrybreaking sector, Higgs multiplets, and quarks and leptons. One of the purposes of this article is to illustrate an idea of how to embed all the particles in the Type IIB string theory. We do not restrict ourselves to toroidal orientifolds, and consider generic (orientifolded) Calabi-Yau 3-folds. Various properties of the D = 4 model are translated into local properties of D-brane configuration and geometry of the Calabi-Yau 3-folds [20] . We also extract some implications to phenomenology, although an explicit string model is not obtained in this article.
This article is organized as follows. We briefly review the D = 4 model [11, 12, 13] in section 2, and explain the motivations to embed it in a brane world. The model is embedded in the Type IIB theory in section 3. Subsection 3.1 describes the embedding of the sector responsible for breaking the unified symmetry. Subsection 3.2 is devoted to Higgs particles, where we also see that the next-to-minimal SUSY standard model (NMSSM) [21] is obtained as a special case. Subsection 3.3 describes the idea of how to obtain quarks and leptons. The origin of the B − L symmetry and right-handed neutrinos are also discussed. The Dbrane configuration there provides geometric realization of the non-parallel family structure [22, 23, 24] , which is suggested by the large mixing angles in the neutrino oscillation. The final section is devoted to summary and open questions.
Brief Review of Previous Results

Review of the Model
Product-group unification models based on product gauge groups, SU(5) GUT ×U(3) H and SU(5) GUT ×U(2) H , are constructed in a four-dimensional (D = 4) spacetime with N = 1 SUSY [11, 12, 13] . They are quite similar. Thus, we only review the SU(5) GUT ×U(3) H model in this section. For a review of the SU(5) GUT ×U(2) H model, see [19, 28] .
The "unified gauge symmetry" (or which we refer to as the GUT symmetry in the following) of the model is SU(5) GUT ×U(3) H instead of the simple SU (5) (1) H . The superpotential of the model is given [13] by The fine structure constants of the MSSM are given at the tree level by
and
where α GUT , α 3H and α 1H are the fine structure constants of SU(5) GUT , SU(3) H and U(1) H , respectively. Thus, the MSSM coupling constants α 3 , α 2 and α 1 are unified approximately, when α 3H and α 1H are sufficiently large. Although the unification is no longer a generic prediction of the present model, it is a consequence of the relatively large gauge coupling constants α 3H and α 1H , or equivalently, of the relatively small constant α GUT . The condition for the approximate unification is
Now we have two remarks on the present model. First, let us neglect the weak coupling SU(5) GUT interactions, and then the first three lines of the superpotential (3) preserves N = 2 SUSY. Indeed, the chiral multiplet X α β is identified with the N = 2 SUSY partner of the U(3) H vector multiplet, and the chiral multiplets Q +Q are regarded as N = 2 hypermultiplets. The first two lines in the superpotential are nothing but a part of gauge interactions of the N = 2 SUSY theory when
, and α 1H ≃ α
are satisfied. The third line is interpreted as the Fayet-Iliopoulos F-term. Now, this partial N = 2 SUSY is not only theoretically interesting, but also plays important roles in phenomenology: (i) the renormalization-group flow of α 3H is stabilized only when the N = 2 SUSY relation (8) is preserved approximately, and (ii) large threshold corrections from the particles in the SU(3) C -adj. representation vanish when it is preserved. For more details, see [27, 28] . The second remark is that the cut-off scale M * should be lower than the Planck scale M pl ≃ 2.4 × 10 18 GeV. There are two reasons for this. First, the coupling constant α 1H
becomes too large below the Planck scale because the U(1) H interaction is asymptotically non-free (see [27, 28] for more details). The second reason is that Q Q /M 2 * , which breaks the SU(5) GUT symmetry, should not be too small, or otherwise, it would be unable to account for the difference between the Yukawa coupling constants of the strange quark and of the muon at the unification scale.
Motivations to Embed the Model into String Theory
References [17, 18, 19] tried to embed the D = 4 models in subsection 2.1 into a brane world. This subsection briefly explains the motivations of the embedding. One may skip this subsection, because the construction in string theory begins in the next section. The product-group unification model in the previous subsection preserves N = 2 SUSY in the GUT-breaking sector. However, the full theory has only N = 1 SUSY. Thus, it is a logical possibility that the multiplets W and X α β are not related by anything like N = 2 SUSY in their origin, neither are Q andQ, and that their interactions look like those of N = 2 gauge theories accidentally. However, there are two important observations against this possibility. First, the GUT-breaking sector (with the N = 2 SUSY) couples only to the SU(5) GUT gauge fields and to the Higgs multiplets. There is no direct coupling between the sector and the chiral quarks and leptons. Thus, the GUT-breaking sector is decoupled from other sectors (with only N = 1 SUSY) when only a few relatively weak couplings are turned off, and then, "symmetry of the sector" is well-defined. Second, the N = 2 SUSY in the GUT-breaking sector plays important roles in phenomenology [27, 28] . Therefore, the apparent N = 2 SUSY in the sector can be a symmetry of more fundamental theory, rather than an accidental symmetry.
It is not easy to understand the coexistence of the N = 2 and N = 1 SUSY in D = 4 theories, but easy in theories based on higher-dimensional spacetime. Higher-dimensional theories have extended SUSY. They are compactified on curved manifolds so that D = 4 theories with only N = 1 SUSY are obtained at low energies. Let us assume that there is a point in the internal manifold around which an extended SUSY such as N = 2 is preserved, while the full geometry has only N = 1 SUSY. If the GUT-breaking sector is localized at such an N = 2 preserving area, then, the particle contents and interactions between them satisfy the N = 2 SUSY, as in the model. This is the primary motivation to embed the product-group unification model into a brane-world; the GUT-breaking sector are supposed to be localized on "branes".
In string theories, N coincident D-branes support U(N) gauge theories on their world volume. Thus, the product gauge group is quite ubiquitous in string vacua with D-branes.
In particular, five coincident D-branes and N coincident D-branes realize U(5) GUT ×U(N) H gauge group 2 (N = 2, 3). Massless fields in the bi-fundamental representations appear on the common locus of the two stacks of D-branes. References [17, 18, 19] consider that the U(N) H -charged particles, i.e., the GUT-breaking sector, is obtained on a world volume of D3-branes, and that the SU(5) GUT gauge field comes from D7-branes. Rotational symmetry of the internal space plays the role of the R symmetry. When the total volume of the internal space is large, the fundamental scale M * is lower than the Planck scale M pl . This is one of the features required for the SU(5) GUT ×U(N) H model (N = 2, 3). Moreover, the world volume of the D-branes for the U(5) GUT gauge group can also be large since the total volume is large. When the world volume is moderately large, i.e., 10-100 in units of 1/M * , the fine structure constants of the U(5) GUT interactions are relatively small by 1/10-1/100 when compared with those of U(3) H . This is also a desired feature of the model.
In summary, the string vacua with D-branes may be able to explain five features 3 of the
, namely, (i) the partial N = 2 SUSY in the GUTbreaking sector, (ii) the origin of the product gauge group, (iii) the origin of the R symmetry, (iv) the cut-off scale lower than the Planck scale and (v) the relatively small coupling constant of the SU(5) GUT interactions. Therefore, we consider that it is well motivated to embed the model into string vacua.
Construction in Type IIB Theory
We consider that the SU(5) GUT ×U(N) H gauge symmetry (N = 2, 3) arises from space-filling D-branes. The Type IIB theory is compactified on Calabi-Yau 3-folds, and space-filling Dbranes and orientifold planes wrap holomorphic cycles [35, 36] , so that D = 4 gauge theories with N = 1 SUSY are obtained at low energies. Quarks and leptons arise from open strings connecting those D-branes. This is the picture we have in mind. Reference [20] emphasized that the discovery of D-branes brought a new method into string phenomenology. Provided that a gauge theory is obtained from D3-branes trapped at an orbifold singularity, some of (though not necessarily all of) phenomenological properties of the gauge theory are determined only from the local geometry and local configuration of the D-branes. One does not have to know the whole information of the Calabi-Yau 3-fold in obtaining (some of) phenomenological predictions. References [37, 8, 38] and [39] share the same philosophy in a slightly extended form; geometry around singularities and some properties of cycles on which Kaluza-Klein monopoles and D6-branes are wrapped are sometimes sufficient information in deriving some of phenomenological consequences. This approach can be called as local construction or bottom-up approach.
This approach enables us to proceed just as particle physicists have been doing. Each sector of a phenomenological model is realized by D-branes. Only minimal requirement is imposed on the local geometry so that the desired properties of the model are obtained. After that, the local configuration of D-branes for various sectors are combined in a suitable way to form the whole model. One can leave any properties in such a construction, if one does not have to fix them. Yet, one can hope to obtain some phenomenological consequences. This is the approach we adopt in this article.
GUT-Breaking Sector
N fractional D3-branes (N = 2, 3) and six D7-branes are introduced for the GUT-breaking sector. The local geometry around the fractional D3-branes (the GUT-breaking sector) is C 2 /Z M × C. The fractional D3-branes are at the orbifold singularity, and the D7-branes are stretched in C 2 /Z M direction while not in C direction (see Fig. 1 ). Then, D = 4 N = 2 SUSY is preserved in the field theory localized at the fractional D3-branes, due to the local D-brane configuration and geometry. When the N fractional D3-branes belong to the same representation of the orbifold group Z M , they are trapped at the orbifold singularity. We have a U(N) vector multiplet of N = 2 SUSY from the D3-D3 open strings, while massless hypermultiplets from the D3-D3 strings are projected out. If the six D7-branes are in the same representation of Z M as the N fractional D3-branes are, then the massless hypermultiplets from the D3-D7 open strings are not projected out from the spectrum. In summary, we have an N = 2 SUSY U(N) gauge theory of D = 4 spacetime, whose matter contents are six hypermultiplets in the fundamental representation. The flavour symmetry of this hypermultiplets is U(6), which arises from the The centre-of-mass U(1) part of the U(N) H vector multiplets, however, is no longer massless at the quantum level [40] . Thus, there should be at least one more fractional D3-brane at the C 2 /Z M singularity. This extra D-brane is required also because of the consistency condition associated with the C 2 /Z M σ singularity. The Ramond-Ramond tadpole cancellation condition [41] is given by [42] tr γ 7;σ k − 4 sin
All fractional D3-branes and D7-branes, no matter where they are in the C direction, contribute to the condition. Since the Ramond-Ramond tadpoles do not cancel in the U(3) H × U(6) D7 model, extra D-branes have to be introduced. We assume that there is a D-brane configuration which is consistent with the tadpole condition, and is free from unwanted extra massless particles. Finding an explicit configuration is left to further investigation. Even though we do not specify the D-brane configuration completely, there is still something we can learn. The U(1) H vector field has to be massless, and hence should not couple to the twisted-sector Ramond-Ramond field. Thus, the origin of the Fayet-Iliopoulos F-term parameter in (3) is not the VEV of the twisted NS-NS sector fields, but something else 4 . It is also easy to see that the gauge coupling constants of SU(N) H and U(1) H do not satisfy a relation α N H = α 1H at the string scale.
Let us now turn our attention to the six D7-branes. They are wrapped on a holomorphic 4-cycle so that the N = 1 SUSY is preserved [35, 36] . The cycle is denoted by Σ 1 (see Fig. 1 ). Now, the flavour symmetry U(6) becomes dynamical. An SU(5) subgroup of this U(6) symmetry is identified with the SU(5) GUT . The U(6) (and hence SU(5) GUT ) gauge coupling constant is given by 1
Thus, the string coupling is determined by the value of α N H -g s ∼ 1/2-2. A moderately large volume of the cycle
leads to the relatively weak coupling of SU (5) GUT in (7), or equivalently, to the approximate unification of the MSSM gauge coupling constants. Note also that the string scale is given by
×2.4×10
18 GeV, (13) and hence can be sufficiently low when the total volume of the Calabi-Yau 3-fold is sufficiently large. Typically, (vol(
The moderately large volume required above guarantees that the supergravity provides a good description to some extent, i.e., the vacuum is not in a purely stringy regime. We also see from above that the Kaluza-Klein scale is roughly of the order of the GUT scale. Thus, it is tempting to speculate that the origin of the GUT scale, and hence of the Fayet-Iliopoulos term in (3), has something to do with the Kaluza-Klein scale.
If the 3-form fluxes are introduced for the moduli stabilization [43] , the background 3-form field strength is of the order of α ′ /R 3 , and the 2-form potential of the order of α ′ /R 2 [44] , where R is the typical length scale of the internal manifold. Then, a dimension-two quantity (for the Fayet-Iliopoulos parameter v 2 ) is obtained from the background 2-form potential by multiplying 1/α ′ , which is 1/α
Thus, it may be that the B-field background for the moduli stabilization is also the origin of the Fayet-Iliopoulos term [17] . Although the above idea is too naive, and neither the moduli stabilization nor back reaction is considered, yet it is an interesting idea for the origin of the GUT scale.
The U(6) symmetry has to be reduced to SU(5) (and extra U(1)'s). To this end, nontrivial background of U(1) ⊂ SU(6) field strength is introduced; U(1) is a subgroup of SU (6) that commutes with SU(5). Let the Chan-Paton bundles on the six D7-branes be denoted by
The vector bundles E 56 * and E 65 * are non-trivial 5 , and the spectrum no longer respects the U(6) symmetry. The background field strength has to satisfy the "generalized Hitchin equations" in [45] so that the D = 4 N = 1 SUSY is preserved. The spectrum of the D7-D7 open strings preserves only N = 1 SUSY, unless the local geometry around the Σ 1 hypersurface satisfies special properties. We have an SU (5) vector multiplet of N = 1 SUSY, which is identified with the SU(5) GUT vector multiplet. There are two U(1) symmetries coming from the D7-D7 open strings at the classical level. But, they usually have triangle anomalies, which are cancelled by the (generalized) Green-Schwarz mechanism. In this case, the vector fields of the symmetries are not massless.
The number of massless N = 1 SUSY chiral multiplets in the SU (5) GUT -adj. representation is given by h The Calabi-Yau geometry has been required so far to satisfy the following properties. It has to have a holomorphic 4-cycle, Σ 1 , on which there is a point whose local geometry should be (approximately) C 2 /Z M × C. The volume of the Calabi-Yau 3-fold is moderately large in units of string length in the directions both tangential and transverse to the cycle Σ 1 .
The cycle has to satisfy h 0 (T Σ 1 ⊕ K Σ 1 ) = 0. It is not hard to find a Calabi-Yau 3-fold that possesses the properties described above; one can find an example T 6 /Z 12 in [18, 19] .
Higgs Multiplets
The SU(5) GUT × U(3) H model requires Higgs multiplets,
It is economical if they are also obtained from the D7-branes wrapped on Σ 1 . Moreover, it is 5 The vector bundles have to be trivial around the GUT-breaking sector, though.
desirable to obtain the Higgs multiplets in this way, because they have non-vanishing wave functions at the C 2 /Z M singularity (i.e., the locus of the GUT-breaking sector), and hence the interactions in the fourth line of (3) are expected not to be suppressed 6 . Thus, we describe in this subsection how to obtain the Higgs multiplets from the open strings connecting five D7-branes and another(others) wrapping the same 4-cycle Σ 1 .
Since one D7-brane has already been introduced in addition to the five D7-branes for SU(5) GUT , let us first discuss whether it is possible to obtain both Higgs multiplets H i (5) andH(5 * ) from those six D7-branes. The massless Higgs multiplets are in the spectrum
there is a global section also in the tensor product of the two vector bundles above. This implies that
since the vector bundle E 56 * ⊗ E 65 * is trivial. Thus, we see that the geometry along the 4-cycle Σ 1 has to satisfy the extra condition (15) in order that the two Higgs quintets are obtained from the six D7-branes. There is another possibility where the two Higgs multiplets are obtained even when the 4-cycle Σ 1 does not satisfy the condition (15) . To this end, another D7-brane is introduced which is also wrapped on the 4-cycle Σ 1 . Let the Chan-Paton bundles for massless open strings be denoted by
The condition (15) needs not be satisfied now, since, say, E 57 * ⊗ E 65 * ≃ E 67 * is not trivial generically.
The NMSSM is quite natural in this framework. Suppose that
, so that the two Higgs quintets are obtained. Then, it follows
also has a global holomorphic section. Thus, another 6 We do not discuss how the superpotential of the low-energy D = 4 effective theory is generated.
does not follow when E 65 * ≃ E 57 * . However, we do not consider this case in this article. This is because the isomorphism implies that the Chan-Paton bundle E 57 * is also trivial around the C 2 /Z M singularity in subsection 3.1, U(7) symmetry is enhanced there, and another massless hypermultiplet in the U(3) H -(anti)fund. representation appears in the spectrum, invalidating the gauge-coupling unification. massless chiral multiplet is in the spectrum, which comes from the open strings connecting sixth and seventh D7-branes. This chiral multiplet is a singlet of SU(5) GUT , which is denoted by S. The interactions on the D7-branes predict a tri-linear coupling in the low-energy effective superpotential,
which is nothing but the interaction of NMSSM [21] . The coefficient of this operator is of the order of the gauge coupling constant of SU (5) GUT at the classical level. But, we do not understand all the dynamics (including non-perturbative one) that generates necessary superpotential couplings, and hence it is impossible to derive a quantitative prediction for the value of this coupling constant. What is shown above is a generalization of what was found in [19] . There, the two Higgs quintets were obtained along with the singlet S in the explicit toroidal orientifold model based on T 6 /Z 12 .
Notice that the existence of the singlet S is due to the property N Σ 1 ≃ K Σ 1 , which is an immediate consequence of the definition of Calabi-Yau manifolds. The NMSSM interaction (17) is the immediate consequence of the N = 4 SUSY interactions on the D7-branes. The tri-linear interaction reflects the fact that the internal manifold has three complex dimensions. Thus, it is quite interesting if the NMSSM interaction is discovered in future collider experiments.
Quarks and Leptons
Let us now illustrate the idea of how the quarks and leptons can be constructed in Type IIB vacua in a way consistent with the model we have constructed in the preceding subsections. The model of unified theories we have considered is based on SU(5)-symmetric matter contents, and not on SO(10)-symmetric ones. This is the case when the five D7-branes are not wrapped on the same cycle as the O7-plane and their orientifold images are (see Fig. 2 ).
On the other hand, a matter in the SU (5) anti-symmetric-tensor representation arises on a locus where D-branes and their orientifold images coincide. Therefore, the D7-branes for the SU(5) GUT gauge group should intersect with their orientifold mirror images in the CalabiYau 3-fold, and the anti-symmetric-tensor representation should arise there (see Fig. 2 ). SU(5) GUT -10 representation is localized on a complex curve in the Calabi-Yau 3-fold (Fig. 2) . figure) . D7-branes are wrapped on the 4-cycles, and the SU(5) GUT gauge field propagates all over the world volume. The matter in the anti-symmetric-tensor representation arises at the intersection. The GUT-breaking sector is realized by fractional D3-branes located at a C 2 /Z 2 × C singularity on the 4-cycle Σ 1 .
Toy Model for Chiral Matter at D7-D7 Intersection on Orbifold
Let us first describe a simple toy model that shows the essential feature of how the chiral matter in the SU(5) GUT -10 representation is obtained. An orbifold is used to construct the toy model, where the complex curve where the chiral matter lives is compact, while the total Calabi-Yau space is non-compact. This semi-local model is considered as a model of the local neighbourhood of the curve where the D7-branes intersect. We describe more generalized model in subsubsection 3.3.2, where we do not restrict ourselves to orbifolds, in which arbitrary number of families of chiral matter can be obtained. Let us suppose that the six internal dimensions are of the form T 2 × C 2 , whose complex coordinates are z 1 for T 2 and (z 2 , z 3 ) for C 2 . Two stacks of space-filling D7-branes are stretched in z 1 ∧z 1 ∧ (cos θz 2 ± sin θz 3 ) ∧ (cos θz 2 ± sin θz 3 ) (see Fig. 3 ). Here, θ is a constant angle and is arbitrary, unless it is an integral multiple of π/2. These stacks are mapped finite. When the O7-plane is stretched in the (z 1 , z 2 ) complex planes, i.e., it is wrapped on the z 3 = 0 hypersurface, One stack of D7-branes D7 − in Fig. 3 is the orientifold image of the other stack D7 + . The gauge theory consists only of a hypermultiplet in the anti-symmetric-tensor representation. The system described above still preserves N = 2 SUSY, and the matter contents are vector-like in the D = 4 effective theory. Thus, we impose an orbifold projection to obtain a chiral theory. Let us consider a Z N orbifold 9 , where the three complex coordinates transform
8 Indeed, an SO(2) transformation between z 2 and z 3 by angle ∓2θ does the job. 9 The Z N has to be a symmetry of T 2 , and α ∈ (2π/N )Z.
This transformation belongs to SU(3), and hence the D = 4 N = 1 SUSY is preserved. Note that it also preserves the world volumes of both stacks of D7-branes, and hence extra D-branes do not have to be introduced as images of the Z N action. When the matrix twisting the Chan-Paton indices is chosen suitably, two states among four in the NS sector and two states among four in the R sector survive the orbifold projection. Thus, one chiral multiplet in the anti-symmetric-tensor representation is in the massless spectrum, while its hermitian conjugate is projected out. For more details, see the appendix A.
Model of Chiral Matter at D7-D7 Intersection Using Curved Manifold
The toy model above yields an N = 1 chiral multiplet in the anti-symmetric-tensor representation, yet we have only one family; one hypermultiplet is obtained on R 3,1 × T 2 , half of the massless modes (one chiral multiplet) remains in the spectrum, while the other half is projected out. The only one family, however, is not a generic feature of the chiral matters obtained at the intersection of D7-branes, if we do not restrict ourselves to the simplest model above, which uses T 2 and its orbifolds.
Suppose that there is an O7-plane in a Calabi-Yau 3-fold. A stack of D7-branes are wrapped on the holomorphic 4-cycle Σ 1 and another stack of D7-branes are on another holomorphic 4-cycle Σ 1 ′ . The 4-cycle Σ 1 ′ is supposed to be the image of Σ 1 under the involution associated with the orientifold plane. We consider that each stack consists of six or seven D7-branes, or more, if necessary. Yang-Mills fields on the D7-branes on Σ 1 ′ are identified with those on Σ 1 . Their Kaluza-Klein zero modes have been discussed in subsection 3.1 and 3.2. Now let us assume that the two 4-cycles Σ 1 and Σ 1 ′ intersect at a holomorphic curve Σ 1 · Σ 1 ′ as in the toy model of subsubsection 3.3.1 (see Fig. 2 ). The massless matter contents localized at the intersection consist of two complex bosons and a Weyl fermion of D = 6 spacetime. The two bosons are sections of E Σ 1 ⊗E * 46, 48] , and the fermion is a section of
≃ E 55 * ⊕ E 56 * ⊕ E 65 * ⊕ E 66 * ⊕ · · · introduced in subsection 3.1 (and 3.2). E Σ 1 ′ plays the same role on Σ 1 ′ as E Σ 1 does on Σ 1 .
The complex curve Σ 1 · Σ 1 ′ is compact, and hence we obtain massless modes of D = 4 theories through the Kaluza-Klein reduction of the two complex bosons and the Weyl fermion on the curve. The net number of massless complex scalar fields in chiral multiplets is given by
where the Serre duality and the Calabi-Yau condition
is used in the second equality, and the last equality is the Hirzebruch-Riemann-Roch formula [50] . Here, χ, ch, and Td are the Euler characteristic, Chern character, and Todd class of complex vector bundles 10 . The number of chiral fermions is given by
where the first line stands for the index of the Dirac operator on the curve Σ 1 · Σ 1 ′ , andÂ is theÂ class 11 . The Calabi-Yau condition −(1/2)c 1 (
is used in the last equality. Therefore, the number of massless chiral bosonic modes agrees with that of fermionic modes, as expected from D = 4 N = 1 SUSY, and N B = N F gives the number of families of chiral multiplets for each irreducible sub-bundle (subrepresentation) of the Chan-Paton bundle E Σ 1 ⊗ E * Σ 1 ′ . Note that all of E Σ 1 and E Σ 1 ′ in (19) and (20) should be, precisely speaking, replaced by (
respectively; the abuse of notations is just for visual clarity. The formulae (19) and (20) are nothing but a local version of the formula of the number of chiral multiplets in [51] , where it is given by paring of the Ramond-Ramond charges of the D-branes [52, 53, 45, 48] . For the relation between the formula in [51] and (19, 20) , see the appendix B.
The formula of the number of chiral multiplets (19, 20) , or equivalently, (38) in the appendix B, is applied to two stacks of ordinary D-branes. When the two stacks are identified under the involution associated with the O7-plane, the "bi-fundamental representation" is a sum of anti-symmetric-tensor and symmetric-tensor representations. The multiplicities of both representations are obtained by combining (19, 20) and an orientifold-invariant selfintersection number [54, 55] . The local expression of the latter is found in [56] . Vacua without massless multiplets in the symmetric-tensor representation is phenomenologically desirable.
Let us turn our attention to the chiral multiplets in the 5 * representation. They are obtained just in the same way as the chiral multiplets in the 10 representation are obtained.
To be more explicit, another D7-brane wrapped on a holomorphic 4-cycle Σ 2 is introduced, and Σ 2 is assumed to intersect with Σ 1 on a complex curve Σ 1 · Σ 2 (see Fig. 4 ). is given by (19, 20) with Σ 1 ′ replaced by Σ 2 . The mechanism to obtain chiral matter discussed so far is essentially the one in [51, 55] . A U(1) symmetry arises from the D7-brane wrapped on Σ 2 , which is denoted by U(1) 0 . Thus, the chiral multiplets obtained above is not in the 5 * representation, but in a bifundamental representation (5 * , 1) under SU(5) GUT × U(1) 0 . However, this is not a problem.
The U(1) 0 symmetry has mixed anomaly with SU (5) GUT because of the chiral multiplets. All the anomalous U(1) vector multiplets become massive through the Green-Schwarz interactions, and are irrelevant to the low-energy physics [57] . Likewise, the centre-of-mass U(1) symmetry arising from the first five D7-branes on Σ 1 is denoted by U(1) 5 , and the U(1) symmetry from the sixth D7-brane on Σ 1 by U(1) 6 (and the one from the seventh D7-brane on Σ 1 by U(1) 7 , if it exists). They also have mixed anomaly with SU(5) GUT . Some of linear combinations of these U(1) symmetries can be free from anomaly, and have corresponding massless gauge fields. Let us consider the following linear combination, which is free from the mixed anomaly with SU(5) GUT :
The 10 representation is charged by +2, 5 * by −6,H it follows that the chiral multiplets in the 5 * representation and the right-handed neutrinos are localized at the intersection Σ 1 · Σ 2 , whereas those in the 10 representation are at the intersection Σ 1 · Σ 1 ′ (Fig. 4) .
Ramond-Ramond Charge Cancellation and Origin of Family Structure
We have not discussed the cancellation of the Ramond-Ramond charges of D-branes. This subsubsection is devoted in describing, in a qualitative manner, how the charges can be cancelled. We do not try to obtain an explicit D-brane configuration and background geometry in this article 12 . Although some of phenomenological aspects depend on the explicit solutions, there are also some generic features that do not depend on such details. One will see at the end of this subsubsection that the qualitative understanding of the Ramond-Ramond charge cancellation suggests us a possible geometric origin of family structure of quarks and leptons. The Bianchi identities of the Ramond-Ramond potentials are given by [58, 53, 48] 
where G is the sum of field strengths of the various Ramond-Ramond potentials and v X (Σ k , E Σ k ) is the Ramond-Ramond charge of a D-brane wrapped on a cycle Σ k . E Σ k stands for the Chan-Paton bundle on it. The explicit expression for the Ramond-Ramond charge [52, 53, 59, 45, 48, 60] is given in (35, 36) in the appendix B for convenience. The both sides of (22) are in even-dimensional cohomology of the Calabi-Yau 3-fold. Now, the both sides are integrated on an even-dimensional cycle, and then, the Ramond-Ramond charge cancellation condition follows:
We are not interested in the condition (23) for the total Calabi-Yau 3-fold (6-cycle), since we are concerned only about the local model. Conditions only for compact 2-cycles and 4-cycles relevant to our construction are considered in the following. The intersection of two holomorphic 4-cycles Σ and Σ ′ is a compact 2-cycle Σ·Σ ′ , and hence we have a charge cancellation condition associated with this cycle. This type of condition is applied for Σ 1 · Σ 1 ′ , Σ 1 · Σ 2 , etc.. A D7-brane wrapped on Σ ′ contributes to the condition for
i.e., by the intersection number of Σ, Σ ′ , and again, Σ ′ . N D7-branes wrapped on Σ contribute to the charge cancellation condition by N × #(Σ · Σ ′ · Σ). These contributions are, in general, non-zero, and have to be cancelled by other contributions from D7-branes wrapped on other 4-cycles. A D7-brane wrapped on a 4-cycle Σ ′′ contribute by the intersection number
A compact 4-cycle Σ also has a condition, which is obtained by integrating the Bianchi identity (22) over it. This type of condition is applied for Σ 1 and Σ 2 . D7-branes wrapped on Σ itself contribute by 14,15
Other D7-branes (wrapped on a 4-cycle Σ ′′′ ) contribute by
(26) D5-branes, including the fractional D3-branes, also contribute to the condition. These contributions have to cancel one another for each 4-cycle. Notice that the effects of the orientifold projection has not been considered seriously, and thus the above argument is only qualitative.
The Chern-Simons interaction on D-branes guarantees that the theory is locally anomaly free at any points of the D = 10 Type IIB string theory. Localization of fermions and that of Ramond-Ramond charge are related through the Chern-Simons interaction, and the charge gives rise to proper inflow of anomaly for the localized fermion [53, 59, 48, 60] . Therefore, D = 4 theories obtained after compactification are free from anomalies, as long as the total sum of the anomaly inflow vanishes, or in other words, as long as the sum of Ramond-Ramond charges vanishes on every compact cycle. The Ramond-Ramond charge cancellation on 4-cycles is responsible for the triangle anomalies on the D7 world volumes, and the cancellation on 2-cycles both for triangle anomalies on D5 and box anomalies on D7 world volumes.
Incidentally, there have been proposed phenomenological models of the family structure of quarks and leptons that use anomaly inflow and cancellation in the internal space [61, 62] . It is one of the biggest mysteries in the context of unified theories why and how the mixing angles of the SU(2) L interaction are small in the quark sector while large in the lepton sector [63, 64, 65, 66] . Models in [61, 62] are phenomenological approaches to this mystery. Chiral multiplets in the SU(5) GUT -10 representation and those in the SU(5) GUT -5 * representation are assumed to have totally different wavefunctions (i.e., localization properties). Proposed there are ideas of geometric realization of the origin of non-parallel family structure [22, 23] desired phenomenologically. It is a remarkable coincidence that the D-brane configuration obtained in this article happens to support the phenomenologically motivated models of the family structure [61, 62] ; the models were proposed totally independent from the D-brane realization of unified theories considered in this article. The multiplets in the 10 representation are localized on 14 The self-intersection formula for hypersurface (i Σ ) * (i Σ ) * (1) = c 1 (N Σ|X ) is used. 15 The expression (36) (A) (B) (Fig. 5 (A) ). There, the anomaly due to the chiral zero modes in the 10 representation on the complex curve Σ 1 · Σ 1 ′ flows into some points Σ 1 · Σ 1 ′ · Σ 2 , where the anomaly is cancelled by chiral zero modes in the 5 * representation and the right-handed neutrinos. The models in [62] can be considered as the effective theory obtained by projecting the model in this article onto the complex curve Σ 1 · Σ 2 ( Fig. 5 (B) ). There, the anomaly due to the chiral zero modes in 5 * and the right-handed neutrinos flows into some points Σ 1 · Σ 1 ′ · Σ 2 , where the anomaly is cancelled by chiral zero modes in the 10 representation. Therefore, the framework in this subsection, in which 10's and 5 * 's are obtained at (different) intersections of D7-branes, not only exhibits the origin of the non-parallel family structure, but also (hopefully) makes it possible to obtain better understanding of the origin of the family structure and Yukawa coupling of all the quarks and leptons.
Summary and Open Questions
The absence of the large mass for the two Higgs doublets and the suppressed dimensions-five proton decay give us important clues to how the unified theory would be. The productgroup unification models, based on SU(5) GUT ×U(N) H gauge group (N = 2, 3), are one of a few classes of theories in which the two clues above are understood in terms of a single symmetry. A preceding work [17] suggests that the brane-world picture may exist behind the models. Based on this motivation, we have illustrated an idea of how to embed the model into the Type IIB string theory. The Type IIB string theory is compactified on an orientifolded Calabi-Yau 3-fold, and space-filling D-branes are wrapped on holomorphic cycles of the Calabi-Yau 3-fold, so that D = 4 N = 1 SUSY is preserved. Various particles of the model, including quarks and leptons, and particles in the GUT-symmetry-breaking sector, are obtained as the massless modes contained in open strings connecting those D-branes. We do not restrict ourselves to toroidal orbifolds as the candidates of the Calabi-Yau 3-fold. We allow ourselves to choose a generic curved Calabi-Yau manifold, so that we can hope to find a suitable manifold that accommodates all the particles we need. Although one can no longer hope to calculate everything without a CFT formulation, it is certainly not our primary interest. Instead, local geometry and local D-brane configuration are determined so that phenomenologically desired particle contents are obtained. Once the local configuration is fixed, then it may be possible to derive some new phenomenological implications, if not predictions. This is what we hope to do.
The GUT-breaking sector is realized by a D3-D7 system put on the local geometry C 2 /Z M × C. The U(N) H gauge group is realized by fractional D3-branes. The SU(5) GUT gauge group is realized by D7-branes wrapped on a 4-cycle Σ 1 . Phenomenology requires that vol(Σ 1 )/(2π √ α ′ ) 4 ∼ 10-100 and g s ∼ (1/2-2). The total volume is determined by
, when the string scale 1/ √ α ′ is of the order of 10 17 GeV.
Although the origin of the GUT scale is not clarified in this article, it may be related to the Kaluza-Klein scale. The SU(5) GUT × U(3) H model [13] contains Higgs multiplets, which are fundamental and anti-fundamental representations of SU (5) GUT . This model realizes the doublet-triplet splitting through the missing partner mechanism, and hence, there should be sizable coupling between the Higgs multiplets and the particles in the GUT-symmetry-breaking sector. Therefore, it is both economical and phenomenologically desirable, if the Higgs particles are ob-tained from open strings connecting the D7-branes wrapped on Σ 1 . If a geometry around the 4-cycle Σ 1 satisfies a particular condition, then the two Higgs multiplets are obtained from six D7-branes. If the condition is not satisfied, one can obtain them from seven D7-branes. The gauge singlet of the NMSSM and its tri-linear interaction with the two Higgs doublets can also be realized easily as a special case.
The The multiplets in the 10 representation are localized in one D7-D7 intersection and those in the 5 * representation and the right-handed neutrinos are at another. One of the important consequences is that this configuration leads to a geometric realization of the non-parallel family structure, which was proposed to explain the large mixing angles in the neutrino oscillation. The other important consequence is that the rate of the proton decay through dimension-six operators is enhanced, and the branching ratios are modified, as in [38] . In this article, we have discussed properties that local configuration has to satisfy, and have illustrated an idea of how to construct a model that satisfies those properties. But, this article does not present an explicit model where the Ramond-Ramond charges are cancelled at all the cycles relevant to the model. That is, the existence of the consistent solution is not guaranteed. If one further pursues to find an explicit solution, one might be able to predict extra particles (e.g., such as those in [26] ) that can be observable in future detectors. One might also be able to determine whether the singlet of the NMSSM really exists in the spectrum or not. It may also be that the idea of lifting the D = 4 models to the Type IIB string theory is excluded because of the absence of a consistent solution.
The origin of Yukawa coupling and other interactions in the superpotential is also poorly understood. Some of them are obtained through perturbative interactions of the Type IIB theory, but not all of them. Although the discrete R symmetry plays quite an important role in the D = 4 models, the origin of this symmetry is not identified, either. We leave these issues to further investigation. boundary conditions:
where v ≡ 2θ/π, and oscillators α (6, 8) m+v and β (6, 8) m−v satisfy (α
The mode expansion of X 7 ± iX 9 is exactly the same except that the oscillators α (6, 8) m+v and β (6, 8) m−v are replaced by α (7, 9) m+v and β (7, 9) m−v . The mode expansion of the world-sheet fermions is determined from that of the world-sheet bosons given above:
or Zψ
Here, r ∈ Z + 1/2 for the NS sector and ∈ Z for the R sector. The massless spectrum of the D7 ± -D7 ± open string is quite simple -that of the YangMills theory on a 7+1-dimensional spacetime with 16 SUSY charges. The massless modes of the D7 ∓ -D7 ± open string sector are localized at the intersection of D7 − and D7 + , unless θ is an integral multiple of π/2. A hypermultiplet in the bi-fundamental representation is obtained there; four scalar bosons of the hypermultiplet are ψ in the R sector. Here, we implicitly assume 0 < θ < π/4 (i.e., 0 < v < 1/2) just to avoid technical details. Now let us impose an orientifold projection associated with ΩR z 3 (−1) F L . R z 3 reflects the third complex plane, i.e., R z 3 : z 3 → −z 3 . Thus, we have an O7-plane at z 3 = 0, and D7 + is the orientifold mirror image of the D7 − and vice versa. Therefore, the Yang-Mills fields on D7 − are identified with those on D7 + . On the other hand, the D7 ∓ -D7 ± open strings are mapped to themselves, not to each other. Thus, the orientifold projection conditions are imposed: 
for 0 < θ < π/4. As a result, we have a hypermultiplet in the second-rank anti-symmetrictensor representation. An orbifold projection associated with a transformation
is now imposed, so that chiral matter content is obtained in the four-dimensional effective field theory. α is an integral multiple of 2π/N, when the orbifold group is Z N . The oscillators ψ Suppose that the Chan-Paton matrix associated with the orbifold projection multiplies a phase e iβ to D7 − -D7 + states and a phase e −iβ to D7 + -D7 − states, then, two states (ψ , and so are the two states in the R-sector D7 + -D7 − open string. Thus, one state from D7 − -D7 + string and one state from D7 + -D7 − survive the orbifold projection condition when α ≡ β. These two states from the NS sector and two states from the R sector form a chiral multiplet of the N = 1 SUSY of four-dimensional spacetime. This multiplet is a half of the hypermultiplet in the anti-symmetric representation, and the other half (i.e., the chiral multiplet in the conjugate representation) is projected out.
B Global and Local Formulae of the Number of Chiral Families
Quarks and leptons arise at the intersection of the two stacks of the D7-branes. The number of families in D = 4 effective theory is given by formula (19, 20) , which only uses quantities defined locally around the intersection. Incidentally, the number of chiral multiplets in D = 4 effective theory is obtained also through a formula in [51] , which is given in terms of vector bundles on the whole Calabi-Yau 3-fold. The purpose of this appendix is to show the equivalence between them explicitly. The Ramond-Ramond charges of D-branes are classified as elements of even-dimensional cohomology groups of the Calabi-Yau 3-fold X [52, 53, 45, 48] :
for a D-brane wrapped on a cycle i Σ : Σ ֒→ X with Chan-Paton bundle E Σ on it, or equivalently [48] 16 , v X (Σ, E Σ ) = (i Σ ) * ch(E Σ )e 
Â (T Σ)
A(N Σ|X ) ∈ H even (X).
Here, (i Σ ) * and (i Σ ) ! are the Thom isomorphism for cohomology and its analogue for vector bundles, respectively, associated with the embedding i Σ . The pairing of the Ramond-Ramond charges is defined by
where v X (Σ 1 , E Σ 1 ) ∨ is obtained from v X (Σ 1 , E Σ 1 ) by multiplying (−1) q to 2q-dimensional cohomology, or equivalently,
Thus, it is given by the number of fermion zero modes on the Calabi-Yau 3-fold X. The number of fermion zero modes on Σ 1 · Σ 2 obtained in (20) is equal to the number of zero modes obtained above :
16 The expression in [59, 60] does not contain e 
